We consider the Lagrange and the Markov dynamical spectra associated to conservative Anosov flows on a compact manifold of dimension 3. We show that for a large set of real functions and for typical Anosov flows, both the Lagrange and the Markov dynamical spectra have non-empty interior.
Introduction
The theory of numbers gives a mathematical object which is related with this work, is the classical Lagrange spectrum (cf. [CF89] ), which we describe in the following: Given an irrational number α, according to Dirichlet's theorem the inequality α − [CF89]), proving that, for all irrational α, the inequality α − p q < 1 √ 5q 2 has infinitely many rational solutions p q . Meanwhile, for a fixed irrational α better results can be expected. We associate, to each α, its best constant of approximation (Lagrange value of α), given by k(α) = sup k > 0 : α − p q < 1 kq 2 has infinite rational solutions p q
The set L = {k(α) : α ∈ R \ Q and k(α) < ∞} is known as the Lagrange spectrum. Many people had study the structure of this object, the principal results is due to M. Hall [Hal47] (cf. also [CF89] ), he proved that L ⊃ [6, +∞), so the Lagrange spectrum contains a whole half-line -such a half-line is known as a Hall's ray of the Lagrange spectrum, also G. Freiman (cf. [Fre75] and [CF89] ) determined the precise beginning of Hall's ray (the biggest half-line contained in L), which is 2221564096 + 283748 √ 462 491993569 ∼ = 4, 52782956616 . . . .
Another interesting set related to diophantine approximations is the classical Markov spectrum defined by (cf. |f (x, y)| −1 : f (x, y) = ax 2 + bxy + cy 2 with b 2 − 4ac = 1 .
Both the Lagrange and Markov spectrum have a dynamical interpretation, that is of interest for our work. Let Σ = (N * ) Z and σ : Σ → Σ the shift defined by σ((a n ) n∈Z ) = (a n+1 ) n∈Z . If f : Σ → R is defined by f ((a n This last interpretation, in terms of shift, admits a natural generalization of Lagrange and Markov spectrum in a most general context ( hyperbolic dynamics context, which is the focus of this work). We define the Lagrange and Markov dynamical spectrum as follows. Let ϕ : M → M be a diffeomorphism with Λ ⊂ M a invariant set, i.e., ϕ(Λ) = Λ. Let f : M → R be a continuous real function, then the Lagrange Dynamical Spectrum associated to (f, Λ) is defined by L(f, Λ) = lim sup n→∞ f (ϕ n (x)) : x ∈ Λ , and the Markov Dynamical Spectrum associate to (f, Λ) is defined by
In this context S. Romaña and C. Moreira (cf. [MRn13] ) showed that for 2-dimensional manifold we have the following
Theorem[MRn13]
Let Λ be a horseshoe associated to a C 2 -diffeomorphism ϕ such that HD(Λ) > 1. Then there is, arbitrarily close to ϕ, a diffeomorphism ϕ 0 and a C 2 -neighborhood W of ϕ 0 such that, if Λ ψ denotes the continuation of Λ associated to ψ ∈ W , there is an open and dense set H ψ ⊂ C 1 (M, R) such that for all f ∈ H ψ , we have int L(f, Λ ψ ) = ∅ and int M (f, Λ ψ ) = ∅, where intA denotes the interior of A.
Here by horseshoe we mean a compact, locally maximal, transitive hyperbolic invariant set of saddle type (and so it contains a dense subset of periodic orbits).
There is also a geometric interpretation of the classical Lagrange spectrum (cf. [CF89] ). Consider the modular group, SL(2, Z), that is, the set of all 2 × 2 integer matrices with determinant equal to one, and P SL(2, Z) the projectivization of SL(2, Z). Given any V ∈ SL(2, Z), V = a b c d we define the associated transformation by V (z) = az+b cz+d
. However for an irrational number α the Lagrange value of α is k(α) = sup{k : |V (∞) − V (α)| −1 = |q(qα − p)| ≤ k −1 for infinitely many V ∈ SL(2, Z)}.
Let H 2 be of upper half-plane model of the real hyperbolic plane, with the Poincaré metric, and let N := H 2 /P SL(2, Z) the modular orbifold. Let e be an end of N ( cf. [HP02] and [PP10] ), define the asymptotic height spectrum of the pair (N, e) by
where ht e (x) = lim
is the height associated to the end e of N , being Γ a ray that defines the end e, and SN denotes the unitary tangent bundle of N . Using the latter interpretation of the Lagrange spectrum, the asymptotic height spectrum LimsupSp(N, e) of the modular orbifold N is the image of the Lagrange spectrum by the map t → log Observe that all results mentioned above are on surfaces, which in the geometrical cases they all have negative constant curvature. Let M be a complete connected Riemannian manifold with sectional curvature at most −1 dimension grater than or equal to 3, and let e be an end of it; the associated Lagrange and Markov Spectra are defined respectively by
where γ(t) is the geodesic such that γ(0) = γ ∈ SM . In this case, J. Parkkonen and F. Paulin [PP10] , using purely geometric arguments showed the following theorems: The above geometrical interpretation can be seen from the point of view of dynamics as: Let X be a complete vector field on a manifold M and consider X t : M → M the flow associated to X. Let f : M → R be a continuous real function, then the Lagrange Dynamical Spectrum associated to (f, X) is defined by
and the Markov Dynamical Spectrum associate to (f, X) is defined by
In this context S. Romaña and C. Moreira (cf. [RnM15] ) proved that if N be a complete noncompact surface N with metric g 0 such that the Gaussian curvature is bounded between two negative constants, the Gaussian volume is finite and if φ 0 denotes the vector field in SN (the unitary tangent bundle) defining the geodesic flow of the metric g 0 . Let X 1 (SN ) be the space of C 1 vector field. Then
Arbitrarily close to φ 0 there is an open set V ⊂ X 1 (SN ) such that for any X ∈ V we have int M (f, X) = ∅ and int L(f, X) = ∅ for any f in a dense and C 2 -open subset U X of C 2 (SN, R). Moreover, the above statement holds persistently: for any Y ∈ V, it holds for any (f, X) in a suitable neighborhood of
Theorem [RnM15] Arbitrarily close to g 0 , there is an open set G such that, for any g ∈ G, there is a dense and
where φ g is the vector field defining the geodesic flow of the metric g and S g N is the unitary tangent bundle of the metric g.
Let M be as above and e an end of M . Arbitrarily close to g 0 there is an open set G of metrics such that for any g ∈ G,
where h g e is the height function (see (1)) associated to e with the metric g .
Since the set of Anosov flows is an open set, then for all geodesic flow associated with a metric in G and for all flow associated to vector field in V are still Anosov flows. Moreover, the Liouville measure associated to the metric g 0 is invariant for the flow, so the this geodesic flow is conservative. The geodesic flow has some fundamental properties that can be used to prove the last two theorems above (cf.[RnM15, section 3]), by example the stable and unstable foliations are C 1 (cf. [HP75] ) and by the result of S. G. Dani (cf. [DV89] and [Dan86] ) the set of point in SN whose orbit under the geodesic flow is bounded has Hausdorff dimension equal to 3. It is important to note that, in general these properties are not true for all Anosov flows. Nevertheless, in this work we used an Urbański result (cf. [Urb91] ) to construct hyperbolic sets with large Hausdorff dimension for conservative Anosov flows and conservative Anosov diffeomorphism. Moreover, the main difficult in this paper is to show one separation Lemma (see Lemma 4.6) using only the C 0 stable and unstable foliations and produce small conservative perturbations of the flow such that we can obtain the property V (see subsection 7.3).
We consider a three-dimensional closed and connected C ∞ Riemannian manifold M endowed with a volume-form, if m denotes the measure associated to it that we call Lebesgue measure. Let X r w (M ) be the space of conservative C r vector field, then Theorem A. Let φ be a vector field, such that φ t is an conservative Anosov flow which is a suspension (modulo time scale change by a constant factor) of the a conservative Anosov diffeomorphism ϕ of a compact C 2 submanifold of codimension one in M . Then, arbitrarily close to ϕ there is an open set W of C 2 -conservative Anosov diffeomorphims such that for any ψ ∈ W we have
for any f in a dense and
, where ψ t is the suspension flow associated to ψ ∈ W.
Theorem B. Let φ be a vector field, such that φ t is a conservative Anosov flow, then arbitrarily close to φ there is an open set W ⊂ X 1 w (M ) such that for any X ∈ W we have int M (f, X) = ∅ and int L(f, X) = ∅ for any f in a dense and C 2 -open subset U X of C 2 (M, R). Moreover, the above statement holds persistently: for any Y ∈ W, it holds for any (f, X) in a suitable neighborhood of
Here intA denotes the interior of A.
Preliminaries
The flow φ t is an Anosov flow, if there exists a continuous splitting T M = E s ⊕ φ ⊕ E u , invariant under the derivative of the flow Dφ on T M , such that φ is the subbundle spanned by the direction of geodesic flow, Dφ exponentially expands E u , and Dφ exponentially contracts E s , that is, there are constants C, c > 0, λ > 1 such that
The subbundles E s and E u are known to be uniquely integrable. The main examples of Anosov flows are geodesic flows on unit tangent bundles of compact Riemannian manifolds of negative curvature, and suspensions of Anosov diffeomorphisms. Let f : N → N be an Anosov diffeomorphism of a compact manifold N (this means that there is an f -invariant splitting T N = E s ⊕ E u which satisfies conditions analogous to (1) and (2) above) and consider the flow η t on N × R given by η t (x, s) = (x, s + t). The suspension of f is the flow induced by η t on the manifold obtained from N × R by making the identifications (x, s) ∼ (f (x), s + 1).
Denoted by M the set of invariant probability measure. An Anosov flow (or Anosov diffemorphism) is conservative, if there is a invariant probability measurem, which is absolutely continuous with respect to normalized Lebesgue measure.
Hyperbolic set with larger Hausdorff dimension
In this section we will prove that for conservative Anosov flows and conservative Anosov diffemorphisms, there exists hyperbolic set that having Hausdorff dimension close to 3 and 2 respectively. More precisely:
Lemma 3.1. Let φ t be a conservative Anosov flow, then there exists a hyperbolic set Λ M such that HD(Λ) is close to 3, where HD(A) is the Hausdorff dimension of set A.
Lemma 3.2. If ψ is a conservative diffeomorphism on the 2-torus, then there is hyperbolic set Λ with Hausdorff dimension close 2.
For the proof of these Lemmas, we use the following theorem. 
Poincaré Map and Hyperbolicity
In this section we construct a hyperbolic set with Hausdorff dimension close to 2 for Poincaré map associated for some cross-section (relate to compact hyperbolic set Λ given in the Lemma 3.1) for the flow. The arguments are similar to [RnM15, section 3] . From now on, let us fixed the hyperbolic set given in Lemma 3.1. Now, since our flow is a conservative flow, in particular transitive, then the following result due to J. Plante characterized the flow in terms of stable and unstable manifolds. (ii) φ t is the suspension (modulo time scale change by a constant factor) of the Anosov diffeomorphism of a compact C 1 submanifold of codimension one in M .
In the second case the bundle E s ⊕ E u is integrable and if the flow is conservative then [Pla72, Theorem 3.7] implies that the flow topologically equivalent to the suspension of a linear toral automorphism. The condition ii) will be used for the proof of Theorem A.
Good Croos-Sections
By the Plante's Theorem, we can assume that the flow is not suspension, i.e. E s ⊕ E u is not integrable. Let F s be the strong stable foliations and F u the strong unstable foliations, this is
Definition 1. A C 0 -surface S is transverse to the flow φ t , if there are θ, r > 0 such that for every z ∈ S the cone C z of angle θ centered in φ(z) with vertex at the point z satisfies C z ∩ B r (z) ∩ S = {z}.
Lemma 4.1. Let x ∈ M and L be a C 1 -embedded curve of dimension one, containing x and transverse to the foliation F u , then the set
contains a surface S x that is C 0 -embedded, which contains x in the interior and if L is transverse to the foliation W cs then, S x is transverse to the flow. Definition 2. A cross sections is said δ-Good Cross-Section for some δ > 0, if satisfies the following:
where d is the intrinsic distance in Σ, (cf. Figure 1) . A cross-section which is δ-Good Cross-Section for some δ > 0 is said a Good CrossSection-GCS. It follows easily that Remark 2. Let Σ be a δ-Good Cross-Section, then given 0 < δ < δ there is a δ -Good Cross-Section Σ ⊂ int(Σ) and such that ∂Σ ∩ ∂Σ = ∅. Therefore, from now on we can assume that if two GCS has nonempty intersection, then their interiors have nonempty intersection.
Analogously to [RnM15, Lemma 5] we have that Lemma 4.2. Let x ∈ Λ, then there is δ > 0 and a δ-Good Cross-Section Σ at x.
The δ-Good Cross-Section given in the previous Lemma it is constructed using the fact that for transitive Anosov flows and for any hyperbolic set Λ M , we have the property that for any x ∈ Λ there are points x 
This kind of cross-sections has good properties. Before showing of the properties of these sections, remember that they are C 0 sections, so we will need one definition of C 0 transversal intersection.
Definition 3. We say that a continuous curve ξ ⊂ R 2 is θ-transverse in neighborhood of radius r to 1-dimensional foliation F ⊂ R 2 , if for any z ∈ ξ ∩ F there is a cone C with vertex at the point z such that ζ ∩ B(z, r) ⊂ C and the angle ∠(v, T z F(z)) ≥ θ for every tangent vector v at the point z contained in the cone C.
As the section Σ x is saturated by the foliation F s , then call h x the homeomorphism given in Remark 1, then we have the following definition Definition 4. We say that a continuous curve ζ ⊂ Σ x is transverse to foliation F s ∩ Σ x , if there are θ and r such that h x (ζ) is θ-transverse in neighborhood of radius r to foliation and h x (F s ∩ Σ x ).
. Therefore, there is δ > 0 such that the set
Thus, we concluded the proof of proposition.
Separation of GCS
By Lemma 4.2, at each point of x ∈ Λ, we can find a Good Cross-Section Σ x . Since Λ is a compact set, then for γ > 0, there are a finite number of points x i ∈ Λ, i = 1, . . . , l such that
where
In this section we prove that the {Σ i } i can be taken pairwise disjoint. Note that if two sections Σ i , Σ j has nonempty intersection, then by Proposition 1 we have Remark: Note that, in the geodesic flow case as [RnM15] , π
is a finite set, because in this case the GCS are C 1 and transverse. The following Lemma show that if two GCS are as in 2 ii), then a small translation in the time in one of two sections makes that they are in the conditions 2 i).
Lemma 4.3. Let Σ i , Σ j be as in (4) in the condition 2 ii), then there is t small such φ t (Σ i ) and Σ j are as in 2 i).
Proof. Otherwise, if for all t small we have that int (φ
contains an open set of φ t (Σ i ) and Σ j .
Claim: The family of interval I j t are pairwise disjoint. Indeed, if there is x ∈ I j t ∩ I j t ⊂ W u (x j ) with t = t then by (5) there are y ∈ I i t and z ∈ I i t such that φ t (y), φ t (z) ∈ W s (x). Therefore, since t, t are small
this last set, by the stable and unstable theorem, it is contained in the orbit of y, O(y).
, then η = 0 and φ t (y) = φ t (z), so as z, y ∈ W u (x i ) we have that t = t and z = y which is a contradiction, so we concluded the claim. This claim implies that the family of nondegenerate intervals {I j t } t of W u (x j ) is pairwise disjoint, which can not happen because is finite.
This Lemma implies that we can assume that Σ i and Σ j are as in 1) and 2 i). Let's understand what happen in the case 2 i). In the case 2 i) Σ i ∩ Σ j is a family Γ ij of curves γ and by construction each element γ ∈ Γ ij is a leaf of the foliation F s ∩ Σ i . Remember that Σ i = Σ x i , then consider the projection
By transversality, given δ > 0, then for each x ∈ π s i (Σ i ∩ Σ j ), we have that
and by continuity we have that there is
namely, there is an interval centered in The above implies that, without loss of generality, we can assume that for any x ∈ π
Lemma 4.4. If Σ i and Σ j are two GCS as in the condition 2i). Given δ > 0, 0 < δ < γ 2 with γ as in (4) for x ∈ π
Denoted by Σ # i the set of complementary sections in the subdivision above of Σ i , then
Proof. We can assume that for any x ∈ π 
which is a consequence of Λ be invariant by the flow.
As the GCS Σ x obtained in this Lemma is contained in U x ∩ Σ i , then there is an interval centered in x, I x ⊂ I x ⊂ W u (x i ) such that
and by last claim, we have that there is a finite set of points in π
Thus by first part of Lemma 4.4 hold that
In other words, we have the following Lemma, which is similar to [RnM15, Lemma 8]
Lemma 4.5. If Σ i and Σ j are two GCS as in the condition 2i). Given 0 < δ < γ 2 with γ as in (4) there are GCS Σ x r ⊂ U x r containing F ss (x r )∩Σ x , such that Σ i is subdivided into 2m + 1 GCS disjoint, including Σ x r for r ∈ {1, . . . , m}. Denoted by Σ # i the complement of the set { Σ x r } m r=1 in the subdivision above of Σ i , then
This last Lemma together with the proof of [RnM15, Lemma 7, Lemma 9 Lemma 10] we have that
Lemma 4.6. There are GCS Σ i such that
with
The sections Σ i given in previous Lemma are as the Lemma 4.2, that is, they are C 0 -GCS and saturated by the foliation F s . Since C ∞ is dense in C 0 , we can assume without loss of generality, that there are sections Σ i than are C ∞ -GCS and (7) is satisfied.
Hyperbolicity of Poincaré Maps
i=1 Σ i be finite union of cross-sections to the flow φ t without loss of generality, assume that m(l) = l and since the sections are pairwise disjoint, then sometimes we consider Ξ = {Σ 1 , · · · , Σ l }. Let R : Ξ → Ξ be a Poincaré map or the map of first return to Ξ, R(y) = φ t + (y) (y), where t + (y) correspond to the first time that the orbits of y ∈ Ξ encounter Ξ.
The splitting E s ⊕ φ ⊕ E u over neighborhood U 0 of Λ defines a continuous splitting E Analogously as in [RnM15, Proposition 1], we show that since Σ i is GCS for all i, then for a sufficiently large iterated of R, R n , then (8) define a hyperbolic splitting for transformation R n , at least restricted to Λ and since Λ ∩ Ξ is invariant for R, then Λ ∩ Ξ is hyperbolic for R, and
The Lemma 13 and Lemma 14 in [RnM15] implies that
and thus by Lemma 3.1 HD(Λ ∩ Ξ) is close to 2.
Proof of Theorem A and Theorem B
Let ϕ : N → N be the C 2 -conservative Anosov diffeomorphim by which φ t is suspension (modulo time scale change by constant factor), then by Lemma 3.2 there is a hyperbolic set Λ for ϕ with HD(Λ) close to 2. Given F ∈ C 0 (M, R), we can define the function
Note that this definition depends on the flow φ t , or equivalently the vector field φ. Note also that maxF φ is always a continuous function, but even if F is C ∞ , maxF φ can be only a continuous function. The Lemma 18 in [RnM15] ) gives some "differentiability" to maxF φ at least for F ∈ C 2 (M, R).
Lemma 5.1. There exists a dense B φ ⊂ C ∞ (M, R) and C 2 -open such that given β > 0, then for any F ∈ B φ there are sub-horseshoe Λ s,u
are the stable and unstable Cantor set, respectively.
Remark 4. Observe that if g is C
2 -close to ϕ and φ g is the suspension flow for g, then hold that
Proof of Theorem A
The proof of Theorem A is a consequence of Lemma 3.2 and [MRn13, Main Theorem].
Proof of Theorem A. Let ϕ : N → N be the C 2 -conservative Anosov diffeomorphim by which φ t is suspension (modulo time scale change by constant factor), then by Lemma 3.2 there is a hyperbolic set Λ for ϕ with HD(Λ) close to 2, then by [MRn13, Main Theorem] we have that there is arbitrarily close to ϕ, neighborhood W ⊂ Dif f 2 c (N ) (the space of C 2 -conservative diffeomorphism on N ) 1 such that if Λ g denotes the continuation of Λ associated to g ∈ W, (g is still Anosov diffemorphism), then there is an open and dense set H g ⊂ C 1 (N, R) such that for all h ∈ H g , we have
where L(h, Λ g ) e M (h, Λ g ) are the Lagrange and Markov dynamical spectrum respectively (see section 1).
For g ∈ W, we denote by φ g the vector field associated to the suspension flow of g. Let B φg be as in the Lemma 5.1 and let F ∈ B φg then using local coordinates with respect to the vector field φ g , we can find j ∈ C 2 (N, R) such that
6 Proof of Theorem B In the section 4 it was proven that there are a finite number of C ∞ -GCS, Σ i pairwise disjoint and such that the Poincaré map R (map of first return) of Ξ :
• n∈Z R −n (Ξ) := ∆ is hyperbolic set for R.
• HD (∆) ∼ 2. Now let's construct a family of perturbations of φ, such that the perturbation produced in R has the desired property V .
Remark 5. Given a vector field X close to φ, then the flow of X still defines a Poincaré map R X defined in the same cross-section where is defined R. With the help of these last lemmas we can make the proof of Lemma 6.2.
Proof of Lemma 6.1. By Lemma 6.2 we can consider a coordinates systems α :
. Let β, δ > 0, 0 < h < 1 and q ∈ {z = 0} such that the solid cylinder B β+δ (q) × [0, h] ⊂ V and (0, 0) ∈ ∂B δ (q). Consider now the cylinder ring A β (C) defined by β, δ, h and q. Let θ be a small angle, and let q ∈ ∂B δ (q) × {h} such that the angle between (0, 0, 0) − q and q − (q, h) is equal to θ. Now we may apply the perturbation Lemma 6.3 at the cylinder C = ∂B δ (q) × [0, h] to join 0 to q and obtain a vector field Z on V such that: a. Z preserves the canonical volume form;
c. The positive orbit of 0, with respect to Z, contains q .
Let us define the vector field X in M in the following way: X ≡ φ outside of U and X = α * (Z) in U . Note that X is C r , satisfies item 1, and taking θ sufficiently small, we may assume X ∈ V. In order to prove item 2, we consider Π 0 ⊂ V ∩ {z = 0} a compact neighborhood of the origin contained in α(φ
The item 3 is an immediate consequence of item b) and c) above.
The proof of Lemma 6.1, implies that para p ∈ ∆ and for every small θ there is
for q ∈ Σ ∩ ∆ close to p, where W s loc,R (q, Σ) is the local stable manifold associated to R. Note that if θ = 0, then X θ = φ.
As ∆ is a compact hyperbolic set, then there are a finite number of point in ∆, let's say p 1 , . . . , p n and U i neighborhood of φ t + (p i ) 2
as Lemma 6.1 pairwise disjoint respectively, such that the projection over Ξ along the flow φ t of n i U i contains a small Markov partition of ∆. So, we can define the C r vector field X θ ∈ X r ω (M ) by
As θ is small, then of flow of X θ is still a conservative Anosov. Consider now the map Φ θ (x) := R −1 • R X θ (x) defined in a small Markov partition of ∆. Then by equation (11), the map
Remark 6. Then by equation (12) the perturbation of R given by R θ satisfies the condition on the family of perturbation to get the property V (cf. section 7.3 and [RnM15, subsection 4.2]).
Regaining the Spectrum
Given F ∈ C 0 (M, R), we can define the function maxF φ : Ξ → R by
Note that this definition depends on the flow φ t , or equivalently the vector field φ. Note also that maxF φ is always a continuous function, but even if F is C ∞ , maxF φ can be only a continuous function. In what follows we give some "differentiability" to maxF φ at least for F ∈ C 2 (M, R). Thus, similar to Lemma 5.1, we have: The proof of Lemma 6.4 can be found in [RnM15, Lemma 18].
Remark 7. Let x ∈ int(Σ) with Σ ∈ Ξ such that R(x) = φ t + (x) (x) ∈ int(Ξ), by The Large Tubular Flow Theorem, there exists a neihgborhood U x ⊂ Σ of x, a diffeomorphism ϕ : U x ×(− , t + (x)+ ) → ϕ(U x ×(− , t + (x)+ )) ⊂ M such that Dϕ (z,t) (0, 0, 1) = φ(ϕ(z, t)) for (z, t) ∈ U x × (− , t + (x) + ). Moreover, as the elements of the Markov partition are disjoint, has small diameter and ∆ is compact, then, we can suppose that there is a finite number an open set U x i such that U x i ∩ U x j = ∅ and ∆ ⊂ U x i for some x i ∈ ∆. Denote
Keeping the notation of the previous Lemma we have: Corollary 1. The above property is robust in the following sense: If X is a vector field C 1 -close to φ, then B φ = B X and for any F ∈ B X , holds that maxF X ∈ C 1 (Ξ ∩ R s,u F , R).
In the proof of Theorem B, we will use the following proposition found in ([MY10, pg.
21]).
Proposition 2. Let Λ be a horseshoe and let L ⊂ Λ an invariant proper subset of Λ. Then, for all > 0, there is a sub-horseshoe Λ ⊂ Λ such that Λ ∩ L = ∅ and
where, K, K are of regular cantor set that describe the geometry transverse of the stable foliation W s (Λ), W s ( Λ), respectively (cf. subsection 7.2).
Proof of Theorem B. Let F ∈ B φ , ∆ 
where e s,u z are unit vectors in E s,u 
1 , using local coordinates as in Remark 7 respect to the field X θ , we can find g ∈ C 2 (Ξ, R) such that
7 Appendix
Regular Cantor Sets
Let A be a finite alphabet, B a subset of A 2 , and Σ B the subshift of finite type of A Z with allowed transitions B. We will always assume that Σ B is topologically mixing, and that every letter in A occurs in Σ B .
An expansive map of type Σ B is a map g with the following properties:
(i) the domain of g is a disjoint union (ii) for each (a, b) ∈ B, the restriction of g to I(a, b) is a smooth diffeomorphism onto I(b) satisfying |Dg(t)| > 1 for all t.
The regular Cantor set associated to g is the maximal invariant set
I(a, b) . , is defined as follows σ + ((a n ) n≥0 ) = (a n+1 ) n≥0 .
Expanding Maps Associated to a Horseshoe
Let Λ be a horseshoe associate a C 2 -diffeomorphism ϕ on the a surface M and consider a finite collection (R a ) a∈A of disjoint rectangles of M , which are a Markov partition of Λ. Put the sets
There is a r > 1 and a collection of C r -submersions (π a : R a → I(a)) a∈A , satisfying the following property:
If z, z ∈ R a 0 ∩ ϕ −1 (R a 1 ) and π a 0 (z) = π a 0 (z ), then we have
In particular, the connected components of W s (Λ, R) ∩ R a are the level lines of π a . Then we define a mapping g u of class C r (expansive of type Σ B ) by the formula
. The regular Cantor set K u defined by g u , describes the geometry transverse of the stable foliation W s (Λ, R). Analogously, we can describe the geometry transverse of the unstable foliation W u (Λ, R), using a regular Cantor set K s define by a mapping g s of class C r (expansive of type Σ B ).
Also, the horseshoe Λ is locally the product of two regular Cantor sets K s and K u . So, the Hausdorff dimension of Λ, HD(Λ) is equal to HD(K s × K u ), but for regular Cantor sets, we have that
Intersections of Regular Cantor Sets and Property V
Let r be a real number > 1, or r = +∞. The space of C r expansive maps of type Σ (cf. section 7.1), endowed with the C r topology, will be denoted by Ω r Σ . The union Ω Σ = r>1 Ω r Σ is endowed with the inductive limit topology.
We equip Σ − with the following ultrametric distance: for θ = θ ∈ Σ − , set
where θ ∧ θ = (θ −n , . . . , θ 0 ) if θ −j = θ −j for 0 ≤ j ≤ n and θ −n−1 = θ −n−1 . Now, let θ ∈ Σ − ; for n > 0, let θ n = (θ −n , . . . , θ 0 ), and let B(θ n ) be the affine map from
We have the following well-known result (cf. [Sul] ):
Proposition. Let r ∈ (1, +∞), g ∈ Ω r Σ .
1. For any θ ∈ Σ − , there is a diffeomorphism k θ ∈ Diff r + (I(θ 0 )) such that k θ n converge to k θ in Diff r + (I(θ 0 )), for any r < r, uniformly in θ. The convergence is also uniform in a neighborhood of g in Ω r Σ .
2. If r is an integer, or r = +∞, k θ n converge to k θ in Diff r + (I(θ 0 )). More precisely, for every 0 ≤ j ≤ r − 1, there is a constant C j (independent on θ) such that
It follows that θ → k θ is Lipschitz in the following sense: for θ 0 = θ 0 , we have
Let r ∈ (1, +∞]. For a ∈ A, denote by P r (a) the space of C r -embeddings of I(a) into R, endowed with the C r topology. The affine group Af f (R) acts by composition on the left on P r (a), the quotient space being denoted by P r (a). We also consider P(a) = r>1 P r (a) and P(a) = r>1 P r (a), endowed with the inductive limit topologies.
Remark 8. In [MY01] is considered P r (a) for r ∈ (1, +∞], but all the definitions and results involving P r (a) can be obtained considering r ∈ [1, +∞].
Let A = (θ, A), where θ ∈ Σ − and A is now an affine embedding of I(θ 0 ) into R. We have a canonical map
Now assume we are given two sets of data (A, B, Σ, g), (A , B , Σ , g ) defining regular Cantor sets K, K . We define as in the previous the spaces P = A P(a) and P = A P(a ).
A pair (h, h ), (h ∈ P(a), h ∈ P (a )) is called a smooth configuration for K(a) = K ∩I(a), K (a ) = K ∩ I(a ). Actually, rather than working in the product P × P , it is better to go to the quotient Q by the diagonal action of the affine group Af f (R). Elements of Q are called smooth relative configurations for K(a), K (a ). We say that a smooth configuration (h, h ) ∈ P(a) × P(a ) is
• linked if h(I(a)) ∩ h (I(a )) = ∅;
• intersecting if h(K(a)) ∩ h (K(a )) = ∅, where K(a) = K ∩ I(a) and K(a ) = K ∩ I(a );
• stably intersecting if it is still intersecting when we perturb it in P × P , and we perturb (g, g ) in Ω Σ × Ω Σ .
All these definitions are invariant under the action of the affine group, and therefore make sense for smooth relative configurations.
As in previous, we can introduce the spaces A, A associated to the limit geometries of g, g , respectively. We denote by C the quotient of A × A by the diagonal action on the left of the affine group. An element of C, represented by (θ, A) ∈ A, (θ , A ) ∈ A , is called a relative configuration of the limit geometries determined by θ, θ . We have canonical maps
A × A → P × P C → Q which allow to define linked, intersecting, and stably intersecting configurations at the level of A × A or C.
Remark: For a configuration ((θ, A), (θ , A )) of limit geometries, one could also consider the weaker notion of stable intersection, obtained by considering perturbations of g, g in Ω Σ × Ω Σ and perturbations of (θ, A), (θ , A ) in A × A . We do not know of any example of expansive maps g, g , and configurations (θ, A), (θ , A ) which are stably intersecting in the weaker sense but not in the stronger sense.
We consider the following subset V of Ω Σ × Ω Σ . A pair (g, g ) belongs to V if for any [(θ, A), (θ , A )] ∈ A × A there is a translation R t (in R) such that (R t • A • k θ , A • k θ ) is a stably intersecting configuration.
Definition 5. We say that a pair (ψ, Λ), where Λ is a horseshoe for ψ, has the property V if the stable and unstable cantor sets has the property V in the above sense.
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